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PERCEIVED SIZE AND DISTANCE IN VISUAL SPACE

BY ALBERTA S. GILINSKY

In a recent survey of the status of
research on visual perception, Graham
(8 pomts out that the facts of space
discrimination are still poorly under-
.stood. '‘In particular a long zeries of
researches has not resulted in those

. systematically determined functional
relations which, as Holway and Bor-
ing (1941) say, are ‘wanted and
wanting'" (8, p. 876).

The purpose of this study iz to

develop a -quantitative formulation of

visual space perception expressing
such functional relations. Funetions
relating visually perceived size and
distance to true size and distance are
rationally derived and then applied
to the results of a vanety of visual
size and dxsta.nce experiments.

The theory is expressed quantita-
tively in two simple, interrelated
formulas—for perceived distance and
perceived size, respectively. These
two formulas are derived mathemati-
cally in three different ways: First, the
. two formulas are ngorously‘ derived
from the basic metric of visual space
.as established mathematically (for
binocular vision) by Luneburg (12).
Second, the same two formulas are
mathematically derived (somewhat
less rigorously but without restriction
to binocular vision) from the known
principles of visual perspective. Fi-
nally, the same two formulas are de-
-tived by a simple inductive method of
mathematical composition for the
two boundary laws of size constancy
and retinal image (visual angle).
All three methods of derivation yield
the identical pair of. formulas to ex-
press a unifying law of visual space
perception.

In place of three different observer
constants and several unstated scale

constants contained or required to be
supplied in Luneburg's formulas, the
present simplified formulas contain
essentially a single constant or param-
eter, 4. This parameter, 4, varies
for different observers and with the
conditions of the experiment. The
numerical value of 4 for a given
observer may be expected to depend
upon the availability of cues to dis-
tance. Through the perfection of
techniques whereby the value of 4
may be reliably determined for indi-
vidual observers and for different
conditions, the two formulas can be
made into a useful tocl to enable indi-
viduals to estimate true sizes and dis-
tances from visual observations at a
distance: A practical measure or
specification may also thus be made
available for classifying or grading
individuals with respect to their dis-
tance judgment or spatxal discrimina-
tion.

The. general vahd:ty of the two
formulas. is supported by visual size:
and distance experiments - planned
and eonducted for this study. They
are also checked by visual size experi-
ments by prior investigators (9, 16)
and other observations recorded in
the literature, such as perceived size
in stereoscopic.photographa (18), the
alley experiments (2), and’ the visual
speed of moving objects . (5). A
further stnkmg check (seemingly un-
predicted) .is the applicability of the
same distance-formula to perceived
distance determined by auditory stim-
ulation (17)., This variety of evidence
indicates that the derived relations
and the unifying law which they ex-
press may have considerable general-
ity

Visual Space. We open our eyes
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and perceive a three-dimensional

'world in which objects have perceived

size, form,  and localization. Our

experience is called visual space.
Visual space and physmal space are

not identical. Naeither ig visnal space

in three dimensions a prnpartwnal

replica of objective space in three

dimensions. One 12 a digtorted trans-
formation of the other, As Ogle has
stated:

“ . . an object in o'bjectwe space may
be displaced without deformation and
without changes between related points,
« « +» in visual space, this is not true.
As an object recedes, not only does it ap-
pear to become smaller but its shape
appears o change, this change being
greater in the depth extent than in
height or width. Many other dis-
crepancies between the two spaces have
been established. . Tt is only i impor-
tant that, wha.twer relaﬁonahxp exists
batween objective and visual space, it
should be fairly stable if the individual iz
to act effectively in the physical wurld"
(13, p. 11).

In the pnor gearch for a. simple law

of visual space perception, two prinei-

"pal theories have been held—each

‘incompatible with the other, and

each beyond certain limits becoming

inconsistent with known phenoména
and relationa.

1. At comparatively short distances,’

well within the range of accustomed ex-
perierice or confirmation by other senses,
the organism tends to utilize corrective
enes 5o as to compensate for the distance
and the correspondmg diminution of
retinal size. Observations under such
limiting conditions have given rise ‘to
the so-called law of size constancy,
whereby the percelved size of an pbject
ie taken ae constant and independent of
retinal size (1, 8, 9).

2. At the other extreme, if size of

retinal image is assumed to be the sole
cur to perceived size, and if all depth or
distance perception is ignored, the so-
called law of the retinal image or visual
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angle is obtained, whereby the perceived
size of an object i is taken a3 simply pro-
portional to the size of the retinal image
(or visual angle) and therefore inversely
proportional to the distance of the ob-
ject. This theory iz more nearly true at.
vary great or astronomical distances
(1,3,8,9)

Naither the law of the retinal image
nor the opposite theory, the law of
size constancy, can be sustained over
the entire range of distances and condi- -

tions (2,4,8,9). As: Boring (2,4)

has shown, each view describes only
a special limiting cagse. An adequate
general theory must be capable of
satisfying these boundary conditions
and of providing, as well, for 2 smooth
continuous transition over the large

intervening range between the extreme

boundary laws. The aim is to find a
unifying law applicable to all dis-
tances and to all conditions of visual

- perception.

The various theories of perceived
size may also be compared by relating
them to another concept—''the pro-
jection theory of visual perception™
(10, 12). If the two base points are
the centers of rotation of the eyes and
the projection lines are the optical
axes, the intersection of the two pro-
jection lines will be at the actual
point fixated and therefore at the true
physical distance D. If the retinal
image is projef:ted to this true physi-
cal distance D, the perceived size will
be undiminished by distance and the
Jaw of size conatancy is obtained, If,
on the other hand, the retinal image
is always projected to an arbitrary
constant distance, independent of
true distance, the pérceived size will
be simply proportional to the size of
the retinal image, without regard to
distance, and the law of the retinal’

‘image is obtained. As stated above,

neither of these two extreme laws is
adequate,
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" The perception of distance or depth
is a fact, and must be included in a
generalized theory. But that does
not mean . the true or physical dis-
tance D, for physical distance is not
percelved. What is semsed
ceived is the perceived distance d, and
that is the only distance that is'sub-
jectively realized and therefore the
only distance at which the projection
can, logically and consistently, be
made. If the size (in radians) of the
retinal image or visual angle is ¢ (phi),
.and if the perceived distance is &,
then the perceived sise s, is given by
the gimple relation

1

" According to our hypothesis, this is
the basic, unifying relation between
perceived size and perceived distance.

. The significance of this concept for
our understanding of space perception

"is that it unifies a large number of
previous observations, embracing
both size constancy and retinal image
as limiting cases, and bridging the

. gap between thege two extremes.

" Perceived distanices are foreshort-

ened. The perceived distance d in-
creases with the true distance D but
at a reduced and diminishing rate.

Consequently the law of perceived

size given by equation (1) is inter-

mediate between the law of retinal
image and the law of size constancy.
Moreover, the perceived distance

d approaches a finite limit 4 when the

true distance D increases to infinity.

s = p-d

As Luneburg has stated: “Astro-

nomical objects like the sun or the
moon are seen at finite distances;
their sensed size is also finite and in no
way proportional to astronomical
dimensions, Even the sky itself gives
the impression of a dome of finite
- radiue”' (12, p. 1).

As thus pointed out by Luneburg,
and earlier, by James (10), there

or per--
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_exists a maximum limit of perceived

distance. Whereas physical space’ is
infinite, visual space js finite. This
concept of an upper limiting thresh-
old-(or limen) for spatial discrimina- .
tion or distance perception is consist-
ent with the known facts of spatial
discritmination and with sensory dis-
crimination in general (8, 10). The
question as to what physiological
mechanism or receptor process governs
or underlies this maximum limit of
visual distance is immaterial for our
purpose. - .

Luneburg was principally concerned
with investigating the geometrical
character (hyperbolie,” Euclidian, or
elliptic) of the tridimensional mani-
fold comprising visual epace. He
shows that ‘‘the geometry in any
manifold can be derived from its
metric, i.e., from a rule for mesdsuring
gmall line elements.” The problem
is thus “{o-establish a metric for the
manifold of vienal sensations’ (12,
p. 2). The basic metric given by
Luneburg establishes the general rela-
tion between the two spaces, visual.
space and physical ' space. Using

Luneburg's basic metri¢ as our peint

of departure, we shall derive our own
psychemetric coordination, based ¢n
the Eudlidian geometry, for formulat-
ing the relation between visual and
physical space. '

DEFINITIONS: PERCEIVED SIZE
AND DISTANCE

The real objective size of a physical
objett is subjectively unknowable.
We can, however, apply the familiar
physical and geometrical operations
of mieasurement, starting with the
simple relation of equality, so as to
determine the relative physical sizes of |
objects. A standard unit meastring
rod supplies the objective scale. The
objective size measured on this scale
will be designated by Se.
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Similarly, the subjective size s of
visual objects cannot be objectively
determined. We can, however, apply

various proceditres of matching and .

comparison, limited to an individual
observer apd c¢onstituting psycho-
physical measurement. Starting with
the simple relation of equality; we may
thus determine (for a given observer)
the relative perceived sizes of different
objects, and also the relative per-
ceived sizes of the same abject at dif-
ferent distances. Moreover, we can
select one of these viewing distances as
“the normal viewing distance' §
(delta) and we can call the correspond-
ing perceived size of the object the
“true size"’ S to be used as a standard
reference size for the visual perception
of the object. This concept has been
anticipated by William James:

“Out of all the visual magnitudes of eack

known object we have selected oms o5 the

REAL ‘one to think of, and degraded all
the others to serve as s signs, This ‘real’
magnitude iz determined by aesthetic

and practical interests. It s that which

we get when the object ia the distance
most propitious for exact visual dis-
orimination of its details, This is the
distance at which we hold anything we
are examining. Farther than this we
gsee it too small, nearer too large. And
the larger and the smaller feeling vanish
in the act of suggesting this one, their
more important meaning’’ (10, p. 179).

The physical measuring rod used for
objective size becomes also the meas-
uring rod for subjective size provided
the rod is held at the normal viewing
distance § (delta). We assumie equal-
ity of visual size when object and
measuring rod have equal physical
size and are held at identical viewing
-distance. , '

When the object is more remote,
we hold - the measuring rod at the
normal viewing distance § and then
transfer its visual size to superposition
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'upon the object at its perceived die-

tance d. The equivalent procedure
is to transfer the visual size of the
distant object to the measuring rod
{or comparison standard) beld at the
normal viewing distance - §. This
technique must be. included in the
instructions to the observer and must
be learned by practice. In eéach case
a recalled visual size must be com-
pared with an observed visual size.
The two visual sizes (object and
standard at disparate distances) must
not be compared directly by sirnul-

- taneous viewing because that tends to

introduce comparison of retinal images
instead of comparison of subjective
sizes, . )
. Finally, we have to define and estab-
lish a measure -of subjective distance.
For this purpose we note that the
transformation from physical to visual
space is cubic or isometric at short
distances such as the normal viewing
distance § and that the depth dimen-
sion: becomes perceptively com-
pressed at greater distances. Acgord-
ingly, the same measuring stick used
for perceived size may also be used
as the measuring stick for perceived
distance; in.each case it should be
held at the normal viewing distance §.
A physical cube will be perceived
as a cube if ‘viewed at the normal
viewing distance 4. At more remote
distances the perceived thickness or
depth will diminish more rapidly than
the frontal dimensions. The recading
solid will cease to appear as a cube in

. visual space unless it is' physically

elongated as it recedes to increasing
distance from the observer. The sun
and the moon lose their spherical
thickness and appear as flattened
dieks against the sky.

A line in physical space may be bi-
sected. A line in visual space may be
bisected. ' The two division points are
not necessarily identical. If the line



464

recedes from the eye; as a distance, the
twao divisions will be different. :

A yardstick in physical space may
be moved to different points or posi-

tions without changing its physical .

length, but its wvisual length will
change, A yardstick in visual space
may be moved to different points or
_positions without changing its visual
length, but its physical length would
have to be changed. The constant
physical yardstick is used for measur-
.ing physical lengths. The constant
visual yardstick is used for measuring
visual lengths (perceived sizes and
distances). ‘ ,
In order to correlate the two yard-

sticks, we define the wisnagl yardstick:

as the perceived size of the physical
yardstick held at a convenient normal
viewing distance 8 (delta)from the eye.

By this expedient we get around the
difficulty of correlating two incom-
. mensurables—an gbjective magnitude
- and a subjective magnitude.

To apply the visual yardstick to a
‘distant object, it is assumed that the
visual yardstick is moved to the dis-
tant object without changing the
visual length of the yardstick,

. A distance from the observer (0) is
mesasured phyzically by repeatedly
applying . the physical yardstick,
thereby dividing the distance into
thysically equal divisions. The suc-
cesasive civisions will appear shorter
as they recede from the observer. To
measure the distance visually, the
visual yardstick must be applied re-
peatedly 50 ag to divide the distance
into egual visual dévisions. These
successive divisions will be Jodger as
they recede from the observer.

The meaning of perceived size s is
thus liked to the meaning of per-
ceived distance d, Visual spatial ex-
tents are measured in all three di-
mensions of visual space by one and
the same subjective measuring rod or

. away.
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visual yardstick. (The physical
length of this yardstick will vary
with distance and direction. . Only at
the standard viewing distance § are
the physical and visual yardsticks
equal and invariant.)
~For the purpose of the present
gtudy, it is extremely important to
diaw a clear distinction between per-
ceived distance and estimated dis-
tance, corresponding to the similarly
important distinetion drawn by Her-
ing and others (2) between perceived
size and estimated size. Perceived
distance is phenomenal or apparent
distance, comprising exclusively the
direct product of stimulation (visual
and muscular). Estimated distance
includes an intellectual correction of
perceived distance, derived from past
experience and training, to arrive at
a more informed inference or judg-
ment of true distance. Perceived
distance js represented by the reduced
magnitude d.  Estimated distance is
an attempt, conscious or unconscious,
}«): estimate (from d) the true distance
When a subject says that a distant
object appears to be one mile away,
he means that it appears as far away
as an object known to be one mile
That is an absolute judgment
(based on past experience) and not a
measure of perceived distance. For
a consistent definition of perceived
distance d, when we say that a per-
ceived distance is 40 yards we mean
that the distance is perceived (in a
subjective scale of visual distance) as
twice as big as a perceived distance
of 20 yards, or 40 times as big aa a
perceived distance of one yard—40
visual yardsticks laid end to end.
The physical lengths of these visual
yardsticks would increase progres-
sivaly as they recede from the eye.
Accordingly, the perceived distance
of an object 100 yards away may be
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only 30 or 40 yards, although we may
have learned, by training or experi-
ence, to judge it as 100 yards away.
Similarly, the perceived distance of
the herizon or the moon may be only
50 yards away by this definition.

' For a consistent definition of per-
cetved siss s, the constant visual yard-
stick must be applied (in imagination

of projection) to the distant object at

ita perceived distance. O should beé
guided to concentrate on the apparent
size of the distant object at the dis-
tance at which O projects or visualizes
the distant object.

Imagine an arm, capable of indefinite
extansion, holding the visual yardsticl,
maintaining the appareat length of the
stick unchanged as it moves through
space. to make possible a subjective super-
potition of the measuring stick upon the
distant object, say, the moon. If the
imaginary arm carries the measuring
stick farther than the perceived distance
of the moon, the resulting measurement

of perceived size will be too big. If the

digtance to which the visual yardstick is
carried falls short of the perceived dis-
tance of the moon, the resulting measure-
ment of perceived size will be too small
(cf. 11, p, 237). The various answers
given by different individuals to the
question, How large is the moon?—
answers which vary from 2 inch to 30
feet—illustrate this strilkingly. Iastruc-
tmns to concentrate on the apparent
size of the moon at its perceived distance
yield equivalence matchings within a
much narrower range, 4 to 20 mches
The variation which remoing must ba
largely attnbute:d to the fact that indi-
vidvals differ in their perception of
spatial depth or distance, particularly
when. as 1o this cage, the actual distance
is so great and beyond the range of
experienca through the zenses.

PERCEPTION OF DEPTH

In the pereeption of visual space
the two essential elements are size of
retinal image (or visual angle) ¢ (phi)

_tance d.
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and the perception of depth or dis-
Both retinal and muscular
sensations are invulved.

In binocular vision the basic essen-
tial for-perception of depth or distance
is the convergence (or the horizontal
disparity or parallax) v (gamma). The
interoctlar or interpupillary distance
provides the psychophysical base line.
for the geometry of bimacular space
perception. Although Luneburg ré-
fers to v sometimes as “horizontal
disparity” and sometimes as “bipolar

parallax,” he ‘writes:

““The meaning of ¥ is clear: the angle
subtended by the lines of aight at the
point of convergence, P" (12, p. 13).

In monocular vision the correspond-
ing physiological cue is the muscular
or kinaesthetic sensation of accommio-
dalion.

In addition to these primary or basic
cues of canvergence and accommoda-
tion, there is a variety of supplement-

‘ary clues which aid the perception

of spatial depth. These associated
or auxiliary clues include linear per-
spective, aerial perspective, interposi-

tion, movement parallax, texture gradi‘
ent, light and shade, and apperceptlons
from past experience.

Luneburg does not attetnpt a phy-
siological explanation of the relation
of size perception to convergence, but
he does consider this relation to be a
neceasary hypothesis. “Our scale of
size seems to contract with increasing
values of v (12, p. 103). .

We need not consider the specific
physiological mechanism whereby
depth or distance in visual space is

.percaived. Such discussion is not es-

sential for the development of the
main thesis of the present study.
Tae Basic FormuLas

The mathematical derivations of
the two fundamental interrelated
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formulas for perceived distance and
perceived size are given in the Ap-
pendices. All three methods of deri-
vation vield the identical pair of
basic formulas. '
The basic formula for perceived
distance is:
d 4
DTa+D’ a
where d = perceived distance, D =
true (physical) distance, and 4 =
" maximum limit of perceived distance
for a given O under given conditions.
In fact, the constant 4 is self-defined
by the formula, For D = 0, ¢ = 0;

Physical Scale (AD)
‘The first

The next

AvsERTA §.

he fi 100 ft. of D will be perceived as 50
The next 200 ft. of D will be perceived as 25
The next 400 ft. of D will be perceived as 12.5
800 ft. of D will be perceived as 6,25 ft, = ¥ 4

GILINEKY

The fact that the sky generally ap-
pears lilke a flattened bowl.indicates
that A has a lower value for pure space
perception (elevated vision without
foreground) and a higher value for
horizontal vision (with foreground),
due to differences in clues and context
(the “moon illusion'’). ] '

The high relative compression of
visual space into a limiting boundary
compared with the correspondin.g '
infinite expanse of physical space is
impressively illustrated by the follow-
ing numercial example (calculated
for a convenjent assumed valuc of
A = 100 ft.):

Visual Scale (Ad)

ft.= % 4
fr. = 3 4
ft.= % 4

‘The next 1600 ft. of D will be perceived as 3.125 ft. = ¥ 4

but for D = infinity, d=4. In
other words, A is the apparent dis-
tance of objects. at infinity. . Per-
ceived distance d increases with true
(physical) distance D; but the curve
of & plotted on D, starting with the
slope d/D = i, flattens out and be-
comes asymptotic to the limiting
horizontal line, & = 4.

This limiting value, & = 4, in the,

basic formula is given by the apparent
distance of astronomical objects; it is
also equal to the visual distance from
the observer to the perspective hori-
zon (vanighing point for paralie! lines
receding from the obsérver),
-The O constant or parameter 4 is
a measure of the finite depth of visual
space for a given O under given con-
ditions. An O with a higher value of
4 has an expanded visual world with
a wider or farther horizon. An 0O
with & lower value of 4 has a more
compressed or limited visual world
with a closer sky and a closer horizon.

Summation (limit)
For De=infinity, d=100ft.=A4.

Accordingly, distance discrimina-
tion (Ad/AD) rapidly diminishes with
distance ' '

The larger the value of 4, the more
nearly perceived distance d approxi-
mates true distance D. For 4 =
infinity, perceived distance would be
equal to true distance. _

The plotted functions representing
equation (I) for several values of 4
are shown as a family of curves in Fig.
1. Perceived distance d is plotted
against true distance ), in the same
units and to the same .scale. The
diagonal straight line forming the
upper limiting boundary represents
the function for true or undiminished
distance perception. It is obtained
from equation (I) with 4 = infinity.
The curves below this boundary line
express equation (I) with respective
numerical values of 4 corresponding
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to 50, 60, 70, 80, 90, 100, 120, and 200
ft. Larger values of A shift the
position of the function upward to-
ward the diagonal line for true dis-
tance: emaller values of 4 shift the
function downward toward minimum
perception of distance, corresponding
to the lack of adequate cues for die-
tarice perception. S ‘
The basic formula for perceived
sugeis . ‘
3 B
S~ 7+D° an

‘where § == perceived size, .5 = subs
jective true size (perceived size at
normal viewing distance §,) and B =
A+ 8 The terms 4 and D retain
the definitiona of equation (I). The
correction term § (delta) is the dis-
* tanee at which an ébject is viewed for
subjective true size, . This correction
makea perceived size equal ta true
size (s = S) notat D = Q, butat some
small value of D = 5. Thus, an ob-
jeet appears to be true size when it is
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distance (about 2 feet) in froat of the
observer, This constant & may vary
with the 0, also with different objects
for the same O. This device peimits
us to measure perceived size s (at
various distances) and subjective true
size § in the same units and to the
same scale. The subjective scale by
which s and . are measured is not in-
volved and need not be known or ex-
pregsed. We work only with the
ratio s/5. Both are subjective mag-
nitudes, and the scale is immaterial.

Accordingly, the three distance
terroa (4, B, D) may be given in one
get of units, and the two gize terms
(s and S) in another eet of units.

The plotted functions representing
equation (1I) are shown as a family
of curves in Fig. 2. The ratio of per-
ceived size to true size (s/.5) is plotted
as 2 function of real distance D). For
A = infinity, the upper horizontal
boundary line is obtained, represent-
ing s/.5 = 1; this relation is size con-
For A = 0, the bottom hy-

presented at some normal viewing stancy.
B
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F16. 1. Theoretical functions for perceived distance. The graphs of equation (1) showing

perceived distanes plotted against physical distance for various assumed values of 4,

For

A== squation (I) yielda ths dingonal line representing veridical distance perception. Be-
low this boundary line decreasing values of 4 displace the curves dowmward toward minimum

distance perception,
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perbolic boundary curve js obtained,

representing s/S = §/D; this is the

law of retinal image. Both of these
special cases or boundary laws are
given by equation (1I) upon substitut-
ing the appropriate values of 4 (zero
or infinity). Intermediate values of
A (such as 4 = 50 to 200 feet) yield
the intermediate curved graphs shown
in. Fig'. 2- . '

The single parameter 4 in both
basic formulas thus governs the posi-
tion of the respective functions be-
tween the limiting boundary laws.
For perceived distance, the magnitude
of 4 determines the position of. the
visual distance function between the
two extremes of 4 = D (or perceived
distance identical with true distance)
and d = 0 (or greatly diminished dis-
tance perception). In similar man-
ner, the magnitude of 4 governs the
position of the visual size function
between the two boundary conditions

ALBERTA 5.
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representing size constancy and the
opposite extreme of perceived size
proportional to and dependent ouly
upon retinal image or visual angle.
‘Accordingly, the magnitude of 4 ia

a simple, convenient, and direct

measure or index of what has been
termed by prior investigators “‘phe-
nomenal regression to the real object’’
(16). A zero value of 4 represents
zero ‘“regression,” and an infinite
value of A represents complete or
one hundred per cent ‘regression.”
An advantage ‘of such use of 4 over
other indices of “‘regression’ is that it
is a constant for a given O under given
conditions over the entire range of an
experiment, whereas other indices
vary from observation te observation
or from point to point of a plotted
experimerital curve. L
The empirical value of 4 (for a
given O under given conditions) may
be determined by any two or more

Eqi!ls -é- -ﬁ

{
Physicol Distance (D) In feet

~
‘gl.ao Size CDHWWL As Do
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§ .
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Fic. 2. Theoretical functions-for perceived size with distance variant.” The graphs of
equation (I1I) for various assumed values of 4. The perceived size is shown as ratics to the
true size (perceived size of the stimulus object at a normal viewing distance, taken is 2 feet).
The value of 4 governs the position of the functions between and inclusive of the horizental
eolid line representing the law of size conetancy and the bottom curve representing the law of the
retina] image or visual angle. The horizontal dashed line cuts the curves at s me $.5, indicating
the distance at which this mtio may be expected for different values of 4, )
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observations at different distances, or
. by a'single observation of an astronom-
jcal object. (See Appendix IV.)
Instead of concentrating upon the
effect of varying the parameter 4, we

may also study equation (II) with.

reference to the effect of varying-the
distance D. For D =4, s = 5, and
the object is seen as “‘true size.”” As
the. abject is brought closer to the
eye, perceived size s increases some-
what; and when the object is moved
away from  the eye, perceived size
diminishes. (Luneburg’s derived for-
mulas yield the anomalous result of
making perceived size diminish steeply
when the object is brought close to the
eye. See his Fig. 41.) ,

In further reference. to equation -
(I1), for small values of the distance
D (relativa'te 4), £/5 ig cloge to unity,
corresponding to the law of size con-
constancy: and for very large distances

D (relative to 4), s/5 is greatly di-

minished and varies inversely with I,
corresponding to the law of .retinal
1 »
The basic formoulas (I and II) are
thus seen to express a law intermedi-
ate betwaen gize constancy and retinal
image while yielding these two ex-
treme conditions at short viewing dis-
tances and at astronomical distances,
respectively. o
In the following sections the two
basic formulas (I and XII) will be ap-
plied to recorded results of prior ex-
periments and to new experiments in-
volving cobservatione of perceived
size and distance. These data will
provide an initial empirical test of
the validity and practical usefulness
of the present theoretical formulation.

ExrermMENTAL CONFIRMATION

_Perceived Size.
viously recorded experiments, in which

the subject adjusts the size of a com-

parison stimulus at a constant dis-

A number of pre-v
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tance to match a standard stimulus
at a variable distance, yield results
which correspond neither to the law of
retinal image nor to the law of size
constancy. :

Instead, beginning with the first
systematic experiment on perceived
size (Martius, 1889), the size matches
coneistently follow an infermediatle
law (2, 8,9, 11, 16). The dependence
of perceived size upon distance is
found to be in good agreement with
the prediction expressed by equation

- (11) for perceived size. - The slope of

the function relating the adjusted size
of the comparison object and the dis-
tance of the standard object is affected
by controlling circumstances (4, 8, 9,
18). These variations are reflected
by appropriate changes in the magnij-
1(:11.1]::1)- of the parameter 4 in equation

The most adequate investigation of
this problem was performed by Hol-
way and Boring (9). Their experi-
ment meastred perceived size at dis-

. tances up to 120 feat, and also showed

how the resulting functions shifted
with the reduction ‘of the available
cues to distance.

0's task was to match a controlled
standard disk at, distances varying
from 10 feet to 120 feet. The size of
the standard disk was made propor-
tional to the distance so that it always:
subtended ‘an angle of one degree,

"thus presenting constant retinal image

or visual angle. The varying appar-
ént.size of this controlled standard
disk was measured by tneans of a
variable comparison disk which re-
mained always at 10 fect from O,
The results for two sets of condi-
tions, binocular regard and direct
monocular regard, for Boring himself.
as 0, are.shown in Fig. 3. Binocular
vision gives a function close to the
ascending straight-line function cor-
responding * to size ‘constancy. Re-
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duction to monocular vision lowered
the function nearer to the horizontal
slope corresponding to perceived size
dependent only upon retinal image..
Both of the curves drawn through the
data points are givén by equation
(11) for perceived size.

For the upper curve, obtained for
binocular vision, the parameter 4 is
. 243 feet; for the lower curve, obtained

for monoeular vision, the parameter
4 is 132 feet, The value of 4 is re-
. duced when the perceptive cues are
reduced. For both equations, B is
convenjently taken as equal to 4 plus
10 feet, 10 feet being the distance of
the comparison object. The same
formula (equation II) applies to both
binocular and monocular vision, with .
only a change in the parameter 4, ,
From thesé results we learn that the
value of 4 is, in fact, governed by the
available cues to distance, The value

GriiNsxy

of A4 determines the position of the
intermediate function (expressed by
equation II) between the two ex-
tremes, size constancy and retinal
image. The constant 4 is thus
demonstrated to be a sensitive index
or measure of ‘“phenomenal regres-
sion” and of the conditions which
affect its attainment.

Perceived Distance by Equal-Appar-
ent Intervals, In connection with this
study two pilot experiments were per-
formed, dealing with the relation of
perceived distance d to physical dis-
tance D. Both experiments were de-
signed to serve as an initial tast of
equation’ (I) for perteived distance,
and as a guide to more refined experi-
mentation,

Experiment ] used a modified
method of equal appearing intervals.
O stood at-one end of an unfamiliar
indoor archery range, about 80 feet

Observer : E.G.an;g
@ 0 Bimocular (A 248")
= 20} »-Mondeular(A«152")
=
=
o 15}
L
ks
ot
2
&t 5
&
" Law of Retinal lmage
—l I R t 1 —d
0o 40 80 120

Physical Distance (D) in fect

F1G. 3. Perceived size as a function of distance for binocular and monocular ohservation.
The data are from Holway and Boring (P) with their own correction for space errar. Equation
(11) fits both sets of observations with only a change in the parameter A. As the conditions
are altered from direct monocular regard to direct binotular regard, the parameter 4 has a
higher value, shifting the function upward to approach the top diagonal Line for size conatancy.
This line rises becanse they increased the gize of the standard in proportion to the distance to

keep visual angle constznt.
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Perceived distunce ag a function of physlesl distance (Exp. I).  The circles repre-

aent successive equal apparent increments of distance from 0 to 10 subjective feet, and from 20
to 40 subjective feet. At 10 subjective feat the O was told to indicate the distance that ap-
psared twice a3 great, thus determining the physical magnitude to be assigned to 20 subjective -
feat. The data lie on the curve of equation (I) with 4 = 94 feet, The diagopal line repre-

sants veridical distance perception.

ong, and directed the experimentér,
who moved a pointer stick at a slow
and nearly constant rate along the
ground away from O, to mark off
successive increments of equal per-
ceived length.  Each successive in-
crement of perceived distance was an
atternpt to match, by non-simultane-
ous viewing, a memorized *‘subjective
foot rule” in the case of one observer
and a ‘memorized “subjective meter
stick’ in. the other, Successive divi-
sion points were temporarily marked

by a horizontal rod marker which

was moved as soon as each next step
had been attained.

The results for the two (s are
shown in Figs. 4 and 5. In ocder to
illustrate the manner in which the
data are analyzed, Table I presents
for one obzerver the cumulative meas-
ured distance D in physical units for.
each value of subjective distance d:

the calculated value of A for each.

separate observation (4= D d/(D - d),
Appendix 1V, equation 5); and the
theoretical value of D from equa-
tion (I), using the weighted mean
value of 4 determined from these
data. It is significant to note the
experimental constancy of 4 over the
series of observations, particularly

-toward the larger values of D; also

the correspondence between the meas-
ured and the calculated values of D,
(For smaller distances, small experi-

‘mental deviations are reflected by

larger variations in the calculated

-value of 4.)

In Figs. 4 and 5, pereeived distance
d is plotted against physical distance
D in the same units and to the same
scale, The diagonal straight line is
the theoretical funiction for perceived
distance identical with true measured
distancae. The obtained points lie on
the tangent curves given by equation
(I). The agreement between ab-
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tained and ‘theoretical values is strik-
ing. .
Perceived Size of Astromomical Ob-
jects, An independent determination
of the constant A4 was made for the
two Os of Experiment I by means of
direct binocular observation of the
perceived size of an astronomical
object, the full moon.

Using the method of constant
stimuli in two categories, the observer
was presented with a series of card-
board disks ranging from 4 inches to
30 inches in diameter. The O was
instructed to hold each disk at normal
viewing distance and, by regarding it
alternately with the moon (which was
slightly above the horizon), to judge
the disk as larger or smaller than the
moon. .

Ten judgments by the O wera oh-
tained for each disk within the transi-
tion zoune, and the stimulus which re-

ceived an equal number of “larger’” -

-

A:.au:m 8. GrLmveey

and “smaller than” judgments was

‘determined for each observer. The

results of this procedure are as follows:

For'O *“J. B.” the apparent size of
the moon ia 5 = 9.4 inches =0.78
ft.; and by Appendix IV, equation
(2), A = 87 ft. '

For 0 "A. G.” the apparent size of
the moon is & = 11 inches = 0.92 ft,,

‘and hence 4 = 102 ft.

The values of 4 thus determined are
in reasonably close agreement with
the values of 4 (about 94 ft.) obtained
from Experiment I on perceived dis-
tance. : .

Perceived Distances by Fractiona-
tion. In the second of our pilot ex-
periments, Experiment II, the method
of fractionation (bisection) was em-
ployed in order to construct a ratio
scale of visual distance and to deter-
mine the relation of visual distance to
the stimulus magnitude over a greater

% I).
=
AZO-
I
g
= - ¥,
A
ﬂ .
T 10 \ d __265
¥ A2,
4 Ea1!p " 3a5.0
]
. o'
D 3 1 ¥ N ) \
0 o 20 30 .40

Physical Distance (D) in meters

Fi6. 5. Perceived distance as a funttion of physical distance (Experiment I). The circles
represgnt successive equal apparent increments of distance from O to 14 subjective meters.
The metar was preferred by this O as the more familiny subjective measuring rod. The data
(alzo ghown in Table I) lie on the curve of equation (I) with 4 = 28.5 maters (about 94 feet)
and agree closely with the resulis of the other O of Experiment 1.
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‘range than was previously ‘investi-
gated. It was' thought .that this
method would provide a more logi-
cally defensible test of the theoretical
function (equation I) and would also
allow a direct comparison with- the
procedure. adopted by Stevens and
Volkmann (15), and Reese (14) for
- constructing a subjective magnitude
fupction. - °

O's task was to hisect each one of

fourteen distances, ranging from 8
feet to 200 feet, on a large flat lawn.

A line was stretched across the lawn,

perpendicilar to O who stood a few -

inches away from the end of the
anchored line so that she could .see
all of the line. Bisections were per-

formed by stopping a pointer, which

moved back and forth along the line,
at a point which appeared to be half-

way between the near end of the line.

Tasre 1

OnsERvED AND THEORETICAL VALUES oF
Pyesical DISTANCE AND THE
CALCULATED VALUR oOF 4
FOR Eacx OBSERVATION
OF PERCEIVER DistANcE

(Dats from 0:]. B., Exp. I)

m-ﬁm::
Calewlatsd ,
. - . ,w!
Pescelvad gm A(D-%d / Ej Plzl-;':h
d (metery) D (meters) .
A (meters) m
1 1.08 14 1.04
2 3.09 3 2.15
3 412 (- 11 3.35
4 5.12 18 | 465
.3 6.10 28 6.05
& 7.59 29 7.60
7 939 27 9.28
8. 11.08 29 11.10 -
9 13.10 29 13.14
100 15,34 29 15.40
11 17.60 20 17.01
12 20.37 29 20.78
13 23.56 29 23.94 .
14 27.96 18 27.52

. Welghted Mean 4 = 28.5
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Taste 11

OpgERVED AND THEORETICAL VALUES OF
Har Distance (D) ror Each
Staxparp (Dy) ror TEE Two
Os or Exreemuenr I1
(Caleulations from equation (2) using the
respective weighted mean values of 4)

Qheerver BS Obmrver DM

' Cale. Iy ‘Cak. Ih

fae .

'Dn(‘faeo I ( ﬁ) u(fﬁ:) Dh (faut) (4“5130)
8 4.00 3.9 3.67 3.92

10 515 4.86 4,58 488
12 6.63 581+ 500.| 58
16 7.82 7.67 |  7.83 7.69
20 10.06 946 ) 850 9.54
30 13.67 13.87 11.67 | 13,93
40 | 1725 | 18.00 | 14.83 ]| 18.1%
60 | 21,59 | 25.M4 19.58 | 26.08
80 | 27.33 | 32.75 | 29.58 | 33.33
100 L3471 39.10 | 35.50 { 40.00
120 41.15 45.00 | 48.08 4615
150 51.08 §2.90 | 34.25 | 54,50
180 61.52 60.00 | :66.00 | 62.0%
200 64.54 | 64.15 70.00 | 66.67

and a marker designating the total dis-
tance to be bisected. Four sets of
half-distance observations were ob-
tained, the standard distances being
presented in serial order, alternately
ascending and descending. - Each bj-
section was marked with a golf tee,
invisible to the observer, and the
judged half-distances were measured
and the tees femoved between series.
Two naive Qa took part in the experi-
ment. .
The results of this procedure (for
each O) are shown in Table II, and
the half-judgment function (for the
combined data) is plotted as:illus-’
trated in Fig. 6. From such half<jucg-
ment plots, subjective magnitude
functions may be constructed accord-
ing to the sbmewhat cumberzome pro-
cedure described in detail by ‘Reese
(14). "For.the present problem, the’
identical functions may be obtained
by a much simpler method, by utiliz-
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ing. a convenient property of the

basic equation (I). - '
From equation (I), the half-judg-

ment function must satisfy the rela-

tion .
D (D) A
Equation (I) may also be written in
the form
DA

ivp @

These two functions, equations (2)
and (3), are obviously identical. The

d =

relation of .0, to #D3 {5 identical with.

the relation of 4 to D. The first is the
half-magnitude function, and the sec-
ond is the subjective magnitude func-
tion, This simple relation may be
used to obtain a d curve from a D;
curve or a D) curve from a d curve.
By simply using a double horizontal
scale, a single plotted curve thus
serves a dual purpose.

Figure. 7 graphically shows this -

convenient identifying relation be-

\=21Go @

ALsgrrA §. Grrwsxy

tween the subjective scale of distance.
d and the half<judgment curve D re-
plotted from Fig. 6, D, is the same
curve as & but with the horizontal
acale donbled. In Fig. 7, locate the
ordinate d = Dy = 22 féet. The dis-
tance Dy = 22 from the D, curve waa
judged to be half of D, = 50 feet.
Halving this absacissa yields D = 25
feet and, consequently, for d = 22,
D = 25. Accordingly, the experi-
mental curve of Fig. 6 becomes di-
rectly a subjective magnitude function
by simply using the upper horizontal
gcale D instead of the lower Da scale,
and by reading the ordinate -as d in
place of .Di. ' :
" The points marked by triangles on
the subjective magnitude function of
Fig. 7 are determined by the con-
ventional method (14) by arbitrarily
assigning one subjective foot to one
physical foot and then proceeding by
interpolation of the half-judgment
function to discover the successive
physical magnitudes to which the suc-

100 o
g £ ’.-r"
4'"'. '
2 Lo -~
c3 "sig\-"' '
2 © 60r T
B 5 ‘)a"f .
220 % 0 o (4 D1)A
= - He¥ ]
18 99 P B D o
== e A=190" -
9’ 20 Y- o]
<
0 . 1 2 [T | 1 ' i
- 10 20 W A0 50 &0 70 &0 90 100
D+ 20 40 6 B0 100 120 KO 18D 180 200

D or De = Physical Distunce in fest

Fic. 6. The mean bisection data of Experiment IT are plotted on the curve of equation
(2) in the text showjng the hali-judgment function, or, ysing the upper horizontal ecale (D) and
reading 4 in place of D; on the vertical ecale, the subjective scale of visual distance. The in-
dlined dashed line shows the objective half distance and objective full distance for the lower

‘and upper horizontal scalss, respectively. See text arid Fig. 7 for explanation.
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- - 7
": @ Half « Judgment Punction 7 |
, bjactive Distance Scaia o
R ) o ). e e
A Subjective Didtance Scala - . .F"“‘ )
* afrer Shevens -Recse Method ﬂr' o
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i FIGATE The maimitude function for subjective distance erscted from the half-judgment
" function by two different procedures. The construction lines show how tha magnitude finetion
18 obtainéd from. the curve fitted to the mean bisection data by simply halving thé horizontal
scale, thus utilizing a éonvenient property of the present formulation. The identical fupctjon
“is obtained g & conveatianal method (14); see triangles.

cessively. ‘doubled ‘numerals (2, 4, 8, indicates that these formulas ace valid
116, 32, 64) ‘should be assigned. This. not only for the primary case of pure
;methad yields only geven points from space perception, but also for the
-these dita, whereas the present more more general case of visual space per-
. expeditiolis and. direct method allows ception (binocular or monocular) with
us to use'zll of tha observed points any enrichment or dimigution of
and ,bggic% produces a miore reliable visual and related cues.

;:Jgrve. th"’f‘mcmn ‘Obtained by  The concept of a maximum Kmit

;20th methods js identical. The vali- of perceived distance yields a single -
Y f the basic equation (1) is thus . paameter, 4, in the basic formulas
z?“m?ﬂ%‘:’gm“d RN whose magnitude governs the interme-

diate position of the functions between
bt S the boundary conditions expressed by
Mnifying law. of visual . 8ize constancy and retinal image; re-

51?"‘“’Q P“-ftephonis shown to be cap- Spectively. Thenmm::iml value of th'is
::Ev:ff}ﬂ@al derivation 'and quanti- = parameter, 4, for a given observer is

Fhserpaommulation. ', The  derived shown to depend upon the available
dis«wm!ﬂ‘ﬁlﬂ,f?_rpel‘cewgd size gnd  perceptual. f:ues ' to dmta,nce’ ?.Ild,
:aikgﬁﬁﬁgj};gggpns of trite size and . pence. provides a convenient ‘direct
appli’mumw and confirmed by index or meagure of “phenomenal re-
cident . 9 recorded data of ante- gression.” '

SrVatisng of Torts A0d to mew ob-  The next indicated study is a
Spakic: e é?‘eci?lewed size and dis- planned series of experiments to deter-
Eween abseryag ®nt agreement be- mine the conditions and laws of vari-

(LR R

e eTved angd calculatgd velues ation of the parameter 4. The work-
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ing definitions and formulas deVeloped
here, and the data thus far analyzed,
offer a atarting pamt and a gmde for
further research in space pen:eptmn

AprpENpre 1

Derivation of Formulas from
Lunebyrg's Basic Metric of
Visual Space ’
The basic. metric of visual space, as
formulated and established by Lune-
burg (12, Eq. 3.781), is

i =3 (@' + I (deb+costp:d), (1)
where |

d = viaual (perceived) distance,
. 5§ = visual (perceived) size,

@ = horizontal angle (azimuth),

# = vertical angle (altitude),
M = linear size factor = ds/de.

Luneburg makes this basic metric his
point of departure for transformations
into elliptic, Euchdean, and hyper-
bolic space geometries, respectively.
‘With the same point of departure, we
ehall make our Euclidean transforma-
tion with the following consistent sub-
St:tutmns

M =d, (Henceds = d-de.)

True (objective) distance = D =
a/y, where

a = interpupillary distance,

v = angle of binocular convergence.

Perceived distance m d = a .
y+u

Hence
ady

(vt ot

{u {(mu) = a constant added toy., It
limits maximum perceived d, keeping
d finite when v is zero or impercepti-
bly small. In other words, x = the
mmimum. or threshold value of ger-
ceived convergence or horizontal dig-

3 (@) =~

Amnn 5. GrLwsky

pa_nty in VIGW!ﬂg very dxstant ob-~
jects.)

Substituting M and d (4) in the
bagic metric, equation (1),

_ ¢ [ 4
BTy ((7 Tt
4 f:cs’q"fw’)- Q)

. d
Note the form of the term (—'YTY&;)_

Tius is a logarithmic form, correspond-’
ing to the Weber-Fechner law. Sen-

sitiveness to dy diminishes with in-

creasing 1. Also note: Vision is
1/(y + p) times as sensitive to dvy as
tod'pordﬂ Thus the visual dis-
tance factor is 1/(y + x) times the
visual size factor.

The transformed maetric, equation
(2), contains two constants (G, k)

varying with the observer.

By equation (2), withd ¢ =0 and
do =0,
d = af(y + ).

D = a/7.

But

Hence,

g_ ¥
D (7+n)

with

 afs - 4
d/n+a/7 A+D'

Am=a/p.

(Two observer constants are thus re-
placed by one.)

Similarly, by equation (2) with d'y
= O and gf = 'Q,

3S=M dwﬂid dqi, or s=‘-d ¢'

But objective true size S (to the same
scale as D) is given by

dSy = D de,or Sy = D-p.
Heucel
s d, A
s~ p~2+5 ©
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Let ¢ (sigma) = A/B, where
B=4d43
and 8 (delta) = D at normal viewing
distance. Then, by definition, sub-
jective true size .S is given by equation
(3) a5
. 4 A

S iyi~E=°" @

From eqixations (3) and (4),
Bd 1d B

"""-"-‘=

~15=:5~a3D ®

Note: d is perceived dxstp.nce, to the
gsame scale as v:aual size . ((p -

s/d)

fal“

D is measured (objective) d:stance,'

to the same scale as measured (ob-
jective) size S5, (p = So/D.) .
4,8, D, and d are given in the same
units.
Se, S5, and 5 are given in the same
units.
- We have thus derived two aimple
formulas, for perceived distance and
- perceived size, respectively:
d 4
D 4+D' @

‘s . B
S-Iyy W

Arrmm:,x II

Derivation of Formulas from
Principles of Perspeciive .

The basic gcometty of vision is rep-
resented in Fig, Al, and the basic
geometry of perspective is shown in
Fig. A2.

Referring to Fzg. A2, the compress-
ion of distance in perspectwe corre-
sponds to the compression of perceived
distance in visual space; and the per-
spective reduction of size (width or
height) between . parallel lines reced-
ing from the observer corresponds to

space are shown in Fig. A2.

- “division point."”
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the reductmn of perceived:- sise in
visual space. The parallé] harizontal
lines receding from the obsm'm‘ are
geen in perspective ag converging to
a ‘‘vanishing point” in ‘the horizon

. line; These proportional relations

common to perspective and. visual
(VP is
the “vam'shing '.point";, DP ias the
From the objective
plan below the grmmd lina, the geo-
metrical perspective is constructed
above the ground line as shown.)

In Figs. Al and A2,

D = True (objective) distance; d
= Perceived distance.

S = True (objr:ctm:) .size; $ =
Perceived size.

A = Horizon distance = Apparent
distance of vanishing points
m the horizon.

By Fig‘. Al, the visual angle p at’
the nodal point of the eye is given by
55
¥ ’=‘§ "' D'
Hence,
s d

STD
By similar }:ﬂangles in Fig. A2,

}=A—d

S~ A
From efuations (1) and (2),
4 _d—d "
D" 4
Thig raducas to
a. 4
D"A+D
Hence, by equation (1),

(0

2

(3)

(03!

4)
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By definition of the proportionality
constant o (gigma),

S 4
| F=S <3 (5)
From equations (4) and (5),
5 B
S A+D (In

The two basic formulas (I) and
(1I), thus written directly from’ the
geometry of perspective, are identical
with the two basic formulas derived
rigorously in Appendix I from Lune-
burg’s more theoretical metric of
visual gpace,

ArrPENDIX III

Derivation of Basic Formula by
Composition of the Laws of Size
Constancy and Visual Angle

It is known that the law of per-
ceived size is intermediate between
the law of retinal i lmage (visual angle)
and the law of size constancy (2, 9).
This intermediate relationshbip has
been called “regression to the real
object” (16).

The law of retinal image io ex~
pres=ed by

(1)

d

Grrinsky

where § (delts) is the distance at
which an object appears Herne gize”
(s = 5). This would make the per-
ceived size s of an gbject vary inversely:
with ita distance- D,

The law of siza cmstancy 1 ex-
pressed by

A

&

This would make s = .5, xndependent

“ of distance.

By composition of equamons (1)
and (2), combining the two extreme
laws into a single geieraliced inter.
mediate law, we have

L Ats
"A 4D

The value of 4 (or the ratio of 4:D)
determines the relative position of the

A‘

(11)

‘interpolated law (1I) between the two

extremes, (1) and (2). Compare the
Thouless (16) coefficient, For 4 =

. Q, equation (II) becomes the law of

retinal image, For A4 = infinity,
equation (II) becomes the Iaw of size
constancy. For 4 = D(or D = 4),
equation (II) gives a value exactly
midway between the  two limiting
laws, (1) and (2).

The magnitude of 4 (between zero
and infinity) is thus a measure of the

1Se

D

Fiz, Al

:‘_l‘

_
s
\\

- Geometry of visual space,
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]

Fia. A2Z. Perapective geometry.

“regression to the real object.”  For
A =0, the regression is zero, For
4 = infinity, the regression is com-
plete. For 4 = D, the departure is
half-way. The difference between
retinal image and size constancy is
divided into two parts by the per-
ceived size; the ratio of the two parts
isA :Dﬁ.

At small values of D (comipared to
4), -ﬂ}f.‘ perceived size, by equation
(11), & ciose to- size constancy; the
chE::rence is 50 small as to be missed
by investigators, :

- At very large values of D (com
parEd‘ to 4), the perceived size, by
equation (II), is close to the retimal

image law, The sun and. the moon-

appear nearly the same size because

their retinal images are nearly the
same size, although their real sizes are
880,000 miles and 2160 miles, re-
spectively, a‘ratio of 407 to 1.

Equation (II) is the basic formula
for visually percejved size, identical
with the basic formula derived in the
preceding Appendices, It is a gen-
eralized, unifying expression, 'em-
bracing the laws of size constancy and
retinal jmage as special or limiting
cases and bridging the gap between

those two extreme laws, -

Avemyorx IV
Experimental Detorminaion of the
Visual Constans 4

The visual constant 4 for a given U
under given conditions may be deter-
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mined experimentally in a va.nety of
ways, either from a single size or dis-

tance observation of an object of

known physical gize and distance, or
from two or more related size or die-
tance observations. A few of the

convenjent, practical methods are'

outlined below:

1. From g sise observation of an
astronomical object. ‘The size of reti-
nal image or the subtended visual
angle » (phi) for any ebject is given by

S8

*T D" d

Far an astrohomical object, the physi-
cal distance D is enormous or practi-

(1)

cally infinite relative to 4. For this.

condition, the basic distance formula
(1) yields d = 4. Hence

s

A.-d=;- (2_)

Thus 4 is given dJrectly if Sg and D
are known and s is observed.
Thus, for the sun,
_ Sn $80,000 miles .
® =D = 92,000,000 miles
' = (.0096 radiaus.
If the apparent size of the sun is

s = 15 in, = 1.25 ft.,

then
s . 1250t o
A =d-;--6.—0—0§?=l30ﬂ.

Similarly, for the moon,

. Sy 2160 miles
® =D T 224,000 miles

w 0.0090 radians. .

If the apparent size of the moon is
S = 14 in. - 1.17 ft-;

then
s 1.17 ft.
4 =d= = e

= 130 ft.

Axémn 8. Grumsxy

Note that the sun and the moon sub-
tend nearly equal visual angles o, that
of the sun being somewhat larger.
Because both objects are perceived at
the same dxatance (@ = A), the appar-
ent sizes are proportional to the re-
spective visual angles. At astrono-
nomical distances, visual size ‘more
nearly follows the law of the ret:.nal
imags.

2, From a size observation of a nomn-~
astronomicol objeci. By the basic
formula (1) for visual size,

_i _A4__
¥ A3 D’

where 7 is the reduchon ratio for visual
size s from physical size S5, Sotving
equation (3) for 4,

@)

A-

r .
{a - r) (4).

This gives 4 dlrect!y from a single
observation when- ‘physical - distanee
D, physical gize S, and perceived
size s are known for any given object.

3. From perceived distance of a non-
astromomical ' object.. The basic for-

mula for wsual dmta.nce 1
d A ,
DT A+D (0
Solving for 4,
4= D‘dd_ )

This gwes 4 dxrectly irom a single
distance-observation for any object,
when physical distance D and visual
distance d are given.

4, From two size-observaiions of the
same object. Let 5y be the perceived
size of a given object at measured dis-
tance D,;, and s, the perceived size of
the same object at measured distance

- Dy, By the basxc formula (II) for

visual sjze,

(6a)
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Thls gives 4 directly when the two
:PhYSlcal distances, D; and D:. and
~the-two’ tespective perceived sizes, s,
. _.and $1, of a given object are known.
5 From g half-distonce observation.
»,-I-et'-Dx be the measured distance of
+ the apparent (visually perceived) mid-
pmnt ‘of the measured distance D,
'-'BY the basic formula (T), the half-
“‘dlstance observatnon is expressed by
-x\:the paur of equatxons

.4+D

| A-D;

B
A
<
[}
0. — — ' A
F1G. A3. Percsived size and perceived distance,
and’ Solving this pair of equations for 4
32 B -
STA+D (6b) A = D—H_—D"IZ;) c T ao
F mm equa.tmns -(6a) and (Gb) : !

. o A+D This gwes 4. directly when any
; s 2, (7) measured distance Dy and the appar-
S A +D; ' ent half-distance D, are given.

-'solvmg equat:on {7) for A, 6. From a series of observations in a

SR D D . -visual sise or distoncé experiment. As
A =¥ M (8) 2rule, a larger number of observations
L — 53 make up a size or distance experi-

ment. In such case, the best mean
value of 4 is obtained ss a weighted®
mean of the values of 4 computed for
the - individual observations (ulmg'

the respective distances [ as' the

weight factors), Other convenient
methods of curve-fitting or short-cut
applications of the Theory of Least
Squares may be used to determine the

- best mean value of 4 to fit the senes

of obsemtxons.
After A ig determined, B is gwen

by B = A + §, where 8 (delta) is the

normal viewing distance for the ab-

server, usually 1 or 2 ft.
7. From coupled observaiions of pcr-'

cefved sise and parw.ved disiance.
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From two or more observations of a
given object viewed at different dis-
.tances, the recorded values of per-

ceived size may be plotted directly

against the corresponding values of
perceived distance. The resulting
_graph (Fig. A3) is a straight line, in-
clined downward toward the right.
The relation is given by’

s BAdA-d
544 @
For ¢ = 0, 5/§ = 'B/A. For

s/S=0, d = 4. Accordingly the
straight line ' graph intercepts "the
vertical axis at B/4 and the horizon-
tal axis at 4.  The two parameters,
A and B, are thus given directly by the
plotted graph.
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